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Abstract

Reliable uncertainty quantification (UQ) is essen-
tial for deploying large language models (LLMs)
in safety-critical scenarios, as it enables them to
abstain from responding when uncertain, thereby
avoiding hallucinations, i.e., plausible yet factu-
ally incorrect responses. However, while current
semantic UQ methods have achieved state-of-the-
art performance, they inherently overlook latent
semantic structural information that could enable
more precise uncertainty estimates. In this paper,
we propose Semantic Structural Entropy (SeSE),
a principled black-box UQ framework applicable
to both open- and closed-source LLMs. To reveal
the intrinsic structure of the LLM semantic space,
SeSE constructs its hierarchical abstraction based
on the principle of structural entropy minimization.
The structural entropy of the resulting optimal hi-
erarchical abstraction thus quantifies the inherent
uncertainty within the semantic space after optimal
compression. Additionally, unlike existing meth-
ods that primarily focus on simple short-form gen-
eration, we extend SeSE to provide interpretable
and granular uncertainty estimation for long-form
outputs. We theoretically prove that SeSE gener-
alizes semantic entropy, the gold standard for UQ
in LLMs, and empirically demonstrate its supe-
rior performance over baselines across 24 model-
dataset combinations.

1 INTRODUCTION

Large language models (LLMs) have been widely adopted
across various fields [Perplexityl 2025, [Liu et al.| [2025a],
owing to their impressive general intelligence. However,
even state-of-the-art (SOTA) models frequently generate
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plausible yet incorrect statements [OpenAll 2025], a phe-
nomenon known as hallucination [Huang et al., [2025]],
which impedes their deployment in risk-sensitive domains.
Despite extensive research seeking to eliminate hallucina-
tions [Rafailov et al.l 2023} [Liu et al., [2024b], complete
solutions remain elusive. A promising approach for avoid-
ing hallucinations is uncertainty quantification (UQ) [Lin
et al., 2024, which estimates the likelihood of an LLM hal-
lucinating falsehoods for a given input [Cole et al.| 2023].
Lower uncertainty suggests the initial response is accept-
able, whereas higher uncertainty should trigger LLMs to
abstain from answering and alert users to potential errors.

However, the open-ended nature of LLM generation hinders
the direct application of traditional UQ methods [Liu et al.,
2020}, Malinin and Gales|,[2021]], which treat LLM outputs
as autoregressive sequences and consider only lexical uncer-
tainty. Since response correctness fundamentally depends
on semantics, and distinct token sequences can convey iden-
tical meanings, uncertainty in the semantic space serves
as a more reliable indicator of trustworthiness than lexical
uncertainty. To address this issue, Semantic Entropy (SE)
[Farquhar et al., 2024]] was proposed to quantify uncertainty
at the semantic rather than token level, serving as the gold
standard for UQ in LLMs [Huang et al.| [2025].

Despite its success, SE and its subsequent extensions
[Nikitin et al., 2024, |Q1u and Miikkulainen, [2024}, |Li et al.,
2025b] suffer from key limitations. First, they fail to capture
the inherent semantic structure that defines the organiza-
tional principle of LLM semantic space [Li et al.l 2024]. As
illustrated in part 2 of Figure[I] semantic spaces are often
hierarchically organized, with substructures recursively con-
taining sub-substructures. According to the “Compositional
Similarity” principle [Boiman and Irani, [2006], identifying
this hierarchical substructures of semantic spaces can con-
tribute to more precise uncertainty estimates, as differences
between substructures could help distinguish superficially
similar semantic spaces. Second, while current semantic
UQ methods have progressed in short-form settings where
generations typically consist of one or two sentences [Far{



quhar et al., 2024} Nikitin et al., |2024] |Qiu and Miikku{
lainen| 2024, L1 et al.l 2025b]], they often lack sufficient
granularity for real-world applications in which LLMs of-
ten generate long-form paragraphs comprising interwoven
true and false claims. Recent works [Manakul et al., [2023]
Mobhri and Hashimotol [2024} |[Zhang et al., {2024, |Jiang et al.,
2024]] have begun to quantify claim-level uncertainty based
on the concept of self-consistency [Manakul et al.| 2023]].
However, they primarily rely on heuristic sample-and-count
techniques, which offer limited interpretability and fail to
capture fine-grained semantic dependencies between claims
and responses.

To address these issues, we propose Semantic Structural
Entropy (SeSE), a principled black-box UQ framework that
does not require access to LLM internal states and is ap-
plicable to both open- and closed-source LLMs. For the
first issue, to represent the intrinsic hierarchical structure
of the LLM semantic space, SeSE constructs its optimal
hierarchical abstraction adhering to the structural entropy
minimization principle [Li and Pan} 2016]], which is widely
used to discover the natural hierarchical structure of graph
data. The structural entropy of this hierarchical abstraction
therefore quantifies the inherent semantic uncertainty of
LLMs. For the second issue, we extend SeSE to provide in-
terpretable and granular claim-level uncertainty estimation
in long-form generation. Following prior decomposition
methods [Min et al.}|[2023]], we segment long-form outputs
into atomic claims and construct a claim-response bipartite
graph to capture fine-grained semantic dependencies. The
SeSE of a claim is defined as the uncertainty of reaching
that claim via random walks on this graph. Importantly, we
theoretically prove that SeSE can recover SE when the en-
coding tree is restricted to a single layer. In summary, the
contributions of this paper ar

We propose SeSE, a principled black-box UQ framework
built upon structural information theory and applicable to
both open- and closed-source LLMs. To the best of our
knowledge, this is the first work to incorporate semantic
structural information into UQ for LLMs.

We extend SeSE to provide interpretable, granular claim-
level UQ in long-form generation by modeling random se-
mantic interactions within claim-response bipartite graphs.

We prove that SeSE is a generalization of semantic entropy.

We empirically compare SeSE with baselines methods
across 24 model-dataset pairs, achieving SOTA results.

2 PRELIMINARIES

Problem Formulation Given a pre-trained LLM M,
SeSE takes as input a query = and N responses R(:|z) =

'The code and data is available at: https://github.

com/SELGroup/SeSE

{rlT:t, e 7T1]Y:t} generated from M at temperature 7' = ¢,
and outputs a relative uncertainty score U (z) that quantifies
the semantic uncertainty inherent in M’s responses to x.
LLM-based systems can use U(z) as a quantitative indica-
tor to assess the trustworthiness of M’s response to x and
decide whether to abstain in high-uncertainty cases.

It is important to note that U () is not an exact probability
of model correctness, the latter pertaining to the orthogonal
topic of model calibration |Liu et al.| [2025bf]. Following
prior work, we focus on estimating total uncertainty, which
comprises epistemic and aleatoric uncertainty Hou et al.
[[2024]], as they jointly contribute to hallucinations.

Semantic Uncertainty To measure uncertainty at the se-
mantic rather than the token level, |[Farquhar et al.| [2024]
introduced Semantic Entropy (SE). Given an input = and
the set of all possible semantic clusters €2, SE is defined as:

SE(z) = = Y p(C | 2)logp(C | x). ()
cen

Since (2 is typically intractable, SE is estimated using M
clusters {C;}M | extracted from generated samples:

M

SE(z) = = _p(C; | 2)log p(C; | ), )

=1

where p(C; | z) is the normalized semantic probability.
When token-level likelihoods are unavailable, p(C; | ) can
be approximated by the frequency of samples S; € S falling
into each cluster: p(C; | z) ~ + Zjvzl I(S; € C;), which
is referred to as Discrete Semantic Entropy (DSE).

Hierarchical Abstraction The LLM semantic space mod-
els a set of interacting semantic entities and their dynamic
relationships within a specific context. Formally, it can be
described using a semantic graph G = (V, E, W), where
V,ECV xV,and W : E — R represent the set of
sampled responses, directed edges, and interaction strength
of edges in the graph, respectively. Inspired by the concept
of the partitioning tree |Li and Pan|[2016], we construct a
novel tree structure—hierarchical abstraction (Definition
to represent the intrinsic hierarchical structure of semantic
graph G.

Definition 1 (Hierarchical Abstraction). The hierarchical
abstraction of a semantic graph G = (V,E, W) is for-
malized by an encoding tree T that satisfies the follow-
ing conditions: (1) The root node A whose height is set as
0 contains all nodes in G, Ty, = V. Each node oo € T
represents a partition of responses T, C V. For any leaf
node vy, T contains a single response from V. (2) Each
non-leaf node o has a nonempty set of immediate succes-
sors denoted as [y, b1, ..., 0. The collection of subsets

{T30:T3y»-- -+ Tp, } forms a partition of T
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Figure 1: Ilustration of SeSE in short-form generation. Superficially, both semantic spaces in part 2 appear similar,
as they each contain three semantic substructures. However, the hierarchical abstraction (part 3) of LLM; is notably
more regular, featuring a hierarchically nested structure where the high-level substructure A aggregates two finer-grained
substructures, facilitating efficient compression. In contrast, the hierarchical abstraction of LLM5 is more disordered and
resists compression. This implies LLM; exhibits lower uncertainty than LLMs, i.e., LLM; is more certain that "greening"
is an excellent solution. SeSE captures the inherent semantic structure by constructing the optimal hierarchical abstraction,
which is formalized by an encoding tree with minimal structural entropy, thereby correctly assigning LLM; a lower

uncertainty score.

[Li and Pan||[2016] proposed structural entropy for measur-
ing structural information embedded in graph data. Mathe-
matically, the one-dimensional structural entropy of graph G
equals to the Shannon entropy of the stationary distribution
induced by vertex degrees. It is defined as follows:

T dy dy
H(G) = Z vol(Q) log vol(GQ)’ 3

veV
where d,, is the sum of the weights of v’s connected edges,

and vol (G) = ),y d, is the volume of G.

The structural entropy of G by a hierarchical abstraction
formalized by an encoding tree 7T is defined as:

H (@)= Y  H(Go), “
aET ,a#N
TG o) = ——Ja__ Vo
H' (G;a) = vol(G) log, V. Q)

where g, denotes the total weight of edges entering 7, from
outside; V,, denotes the volume of the sub-graph induced by
Tas 1.€., the sum of degrees of its constituent vertices; and
a~ denotes the parent node of .

3 SEMANTIC STRUCTURAL ENTROPY

3.1 SESE FOR SHORT-FORM GENERATION

As shown in Fig. [T SeSE comprises three phases: response
sampling, semantic graph construction and hierarchical ab-
straction. In Step 3, we construct the optimal semantic hi-
erarchical abstraction based on the structural entropy mini-
mization principle Li and Pan|[2016]. The structural entropy
of the resulting encoding tree quantifies the inherent un-
certainty of the semantic space after optimal compression.
Semantic spaces with clear regularities exhibit lower en-
tropy, corresponding to lower uncertainty, while disordered
spaces resist compression and yield higher entropy.

Step 1. Response Sampling SeSE is a sampling-based
approach that requires only a set of black-box responses as
input. Given the context x as input to an LLM M, we sample
two types of responses from M: (1) a single greedy-decoded
answer rp—o generated at temperature 7' = 0, which serves
as a proxy for the model’s most confident output; and (2) a
setof N stochastic samples R = {r!, ..., "} for semantic
space modeling.

Step 2. Semantic Graph Construction Natural language
inference (NLI) models have proven to be effective in ana-
lyzing contextual semantic relationships between texts |[Far{
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Algorithm 1: Hierarchical Abstraction Construction
Input: the directed semantic graph G, K > 1
Output: the K -dimensional optimal encoding tree 7 *
Initialize a one-dimensional encoding tree 7 for G
while tree height h < K do
foreach sibling nodes o, 5 € T do

‘ o*, B* « arg max A"y via Eq. [[3]
end
if A7%75 > 0 then

‘ T < 0pmer(T,a*, 8*), continue
end
foreach sibling nodes o, 3 € T do

‘ o*, B « arg max A5 via Eq. [T3]
end
if AJ%r > 0 then

‘ T < 0peom (T, a*, *), continue
end
break

end
return 7* < T

quhar et al.|[2024]. We employ the NLI model DeBERTa-
v3-large-mnli He et al.[[2021] to measure pairwise entail-
ment within the response set R. For each ordered pair
(ri,r7) € R x R with i # j, we construct a premise-
hypothesis pair (z & r’,z & r7) and feed it into the NLI
model. We then apply the softmax function o (-) to the pre-
dicted logits to obtain a probability distribution:
[pesPn,pe] = 0 (NLI(z @ 1,z ®17)) (6)
where p., pn, and p. denote the probabilities of entail-
ment, neutrality, and contradiction from the premise to the
hypothesis, respectively, conditioned on z. Formally, we
model the semantic space using a directed weighted graph
G = (V, E, W) where the vertex setis V' = R and F is the
set of directed edges. The weight W (v;, v;) is defined as

1

= Pe B

W(Uiv’uj) 2

“Pn+0-pec=pe+
To make G suitable for a random-walk process, we nor-
malize the weights of all outgoing edges by dividing each
weight by the vertex’s weighted out-degree sum, obtaining

the transition matrix P:
W(Ui, ’Uj)
Z(vi,vk)GE W(Ui7 Uk)

P(’Ui,l)j) == (8)

Step 3. Hierarchical Abstraction Since P is an irre-
ducible row-stochastic matrix with non-negative entries,
there exists a unique stationary distribution 7 satisfying
mP = 7 Norris|[1998]]. We then define and optimize struc-
tural entropy for directed graphs based on its stationary

distribution, enabling accurate representation of key tran-
sition dynamics in semantic spaces. The one-dimensional
directed structural entropy (X = 1) is define as follows:

HY(G) == w(v)-logy m(v),

veV

€))

where 7(v) denotes the stationary probability of vertex v.
We then refine the definitions of g, and V,, for each non-
root node « in the encoding tree 7. Following Eq. [3] the
entropy assigned to « is defined as:

= > > w(vi)P(vi,v;), (10)
v; €V v;EVy
= > > w(wi)P(vi,vy), (11)
v, EV\Vy v €V,
HT(Gia) = —— Yo (12)

1
vol(G) 082 V-

where vol (G) = > .y (dF 4+ d) is the volume of G,
with d" and d; denoting the weighted out-degree and in-
degree of vertex v, respectively.

The optimal hierarchical abstraction is determined by iden-
tifying an encoding tree 7 with minimal structural entropy
Li [2024]. To find 7*, we design an efficient structural
entropy minimization algorithm (Algorithm [T)) using the
merging (0pmer) and combining (o0pcom) Operators intro-
duced by [Li| [2024]). Let 75,3 be the encoding tree obtained
after executing the merging or combining operator on sib-
ling nodes « and 3 that share a common parent. We define
the resulting entropy variation as

A®, =HT(G) - H#(G). (13)
Specifically, we first initialize a one-dimensional encoding
tree 7 : (1) the root node A represents the entire semantic
space, i.e., T = R; (2) for each r € R, we generate a
leaf node v with 7., = {r} and assign it as a child node of
Ade,yT = A Subsequently, we iteratively optimize the
encoding tree 7 to K layers. In each iteration, we traverse
all sibling node pairs in 7 and greedily apply op,e, or
OPcom» Selecting the operation that maximizes the decrease
of structural entropy while ensuring that the tree height re-
mains below K. The iterative procedure terminates when no
sibling pair satisfies A°? a.p > 0 or the tree height reaches K,
at which point we output 7*. A detailed illustration of the
operators and entropy variations is provided in Appendix
Formally, we define SeSE as the total entropy of the optimal
K -dimensional encoding tree T *:

T*=  argmin (HT(G)) , (14)
VT :height(T)<K
SeSE(G)= > H" (G;a). (15)

aET*,a#A\



SeSE Generalizes Semantic Entropy [Farquhar et al.,
2024]]. The following theorem shows that SeSE can re-
cover SE for any semantic clustering.

Theorem 1 (SeSE Generalizes SE). For any semantic clus-
tering, there exists a semantic graph such that the one-
dimensional structural entropy of this graph is equal to
semantic entropy (computed as in Eq. E])

Proof Sketch. When K = 1, SeSE reduces to the Shannon
entropy of the graph’s stationary distribution (Eq.[9). Given
any semantic clustering, we can construct a correspond-
ing semantic quotient graph whose stationary distribution
exactly matches the clustering distribution, and for which
SeSE with K = 1 equals the SE. Appendix [B|provides the
detailed proof.

3.2 SESE FOR LONG-FORM GENERATION

LLM:s often output long-form paragraphs comprising mul-
tiple claims Min et al.| [2023]], which are the smallest se-
mantically distinct information units. In long-form genera-
tion, we therefore assess uncertainty at the finer claim level
rather than simply assigning a single uncertainty score to
an entire response. Given a context z, a set of stochastic
sampled responses R, and a set of claims C' extracted from
the greedy response r7—g, we construct a claim-response bi-
partite graph G, = ((R,C), E) where an edge (r,c) € E
indicates that response r semantically entails claim c.

By minimizing the K-dimensional structural entropy of
G with Algorithm [T we obtain its optimal encoding tree
T.r, which captures the inherent hierarchical community
structure over R U C'. For any claim ¢ € C, the uncertainty
of reaching c is determined by the cumulative entropy of
all non-root nodes v encountered along the path from the
root ) to the leaf y with V., = {c}. Accordingly, we define
the SeSE of each claim c as its uncertainty of engaging in
random interactions within G,

« VO(
SeSE(Geric) =— Y %Ing v (16
a€P(A—=)\{A} - «

where P(A — +) denotes the path from the root A to the
leaf  representing c. Claims with lower SeSE reside in
densely connected core regions, reflecting consistent sup-
port across sampled responses and lower uncertainty. Con-
versely, claims with higher SeSE lie in peripheral or sparsely
connected regions, indicating a higher uncertainty. Imple-
mentation details are provided in Appendix [C]

4 EXPERIMENTS

4.1 EXPERIMENTAL SETUP

Datasets and LLMs For short-form experiments, we em-
ploy five representative free-form QA datasets spanning

diverse domains of natural language generation: BioASQ
Krithara et al.|[2023]] (biomedical sciences), SVAMP [Pa{
tel et al| [2021] (mathematical word problems), Trivi-
aQA Joshi et al| [2017] (trivia knowledge), NQ-Open
Kwiatkowski et al.| [2019] (open-domain natural questions),
and SQuAD_V2 [Rajpurkar| [2018] (reading comprehen-
sion). The evaluation is conducted across the Llama-3.1-
Instruct series (8B and 70B parameters) [Meta| [2024] and
the Qwen-3-Instruct series (4B and 30B parameters) Qwen
[2025]]. Regarding long-form generation, we perform eval-
uations on two challenging datasets featuring real-world
entities from Wikipedia: FActScore Min et al.| [2023]] and
PopQA [Mallen et al.| [2023]]. For these benchmarks, we
utilize DeepSeek-V3.1 DeepSeek-Al| [2025] and Gemini-3-
Flash|Google DeepMind| [2025]]. Further dataset details are
provided in Appendix

Baselines We include a range of widely used baselines
for comparison. In short-form experiments, we evaluate
seven representative UQ methods: (1) P(True) Kadavath
et al.[[2022] uses few-shot prompts to guide LLMs to esti-
mate the probability that their most confident answer is true.
(2) Embedding Regression (ER) [Farquhar et al.|[2024] is a
strong supervised baseline that trains a classifier on the final
hidden states to predict correctness. (3) SelfCheckGPT (SC)
Manakul et al.| [2023]] is a representative self-consistency
method. (4) Length-normalized Predictive Entropy (LN-
PE) Malinin and Gales|[2021]] computes length-normalized
token-level log-probabilities. (5) Semantic Entropy (SE) [Far{
quhar et al.[[2024]] estimates the Shannon entropy over se-
mantic clusters. (6) Kernel Language Entropy (KLE) |Nikitin
et al. [2024] is a generalization of SE using semantic ker-
nels. (7) Semantic Graph Density (SGD) |Li et al.| [2025b]
quantifies semantic consistency via semantic graph density.
In long-form experiments, in addition to adapting Discrete
Semantic Entropy (DSE), SC, and P(True) for long-form
generation, we further incorporate two Verbalized Uncer-
tainty methods Mohri and Hashimoto| [2024]], including
Post-hoc Verbalized Uncertainty (PH-VU) and In-line Ver-
balized Uncertainty (IL-VU). For further details, refer to

Appendix [H]

Evaluation Metrics Following previous work Farquhar
et al.[[2024]], we assess two primary metrics: Area Under the
Receiver Operating Characteristic curve (AUROC) and Area
Under the Rejection Accuracy Curve (AURAC) |Nadeem
et al.[[2010]. AUROC evaluates how well the uncertainty
scores distinguish between correct and incorrect answers
and ranges from O to 1, where 1 denotes a perfect classifier
and 0.5 indicates random classification. AURAC quanti-
fies the potential accuracy improvement users may expe-
rience when employing different UQ metrics to exclude
high-uncertainty queries. The X% rejection accuracy repre-
sents model performance on the subset of questions retained
after filtering out the top X% high-uncertainty queries, and



AURAC provides a comprehensive assessment of accuracy
across multiple rejection thresholds.

Implementation Details For KLE and SGD, we employ
the best variants KLEggar and SGDg,p, and use DeBERTa-
v3-large-mnli as the NLI model, which is identical to SeSE.
To ensure fairness, for SC, SE, DSE and SeSE, in long-form
experiments, we use identical GPT-5-mini for entailment
prediction. In all experiments, stochastic responses R are
generated at a temperature of 7' = 1 with a size of N = 10
using nucleus sampling (P = 0.95) |Holtzman et al.| [2020]
and top- K sampling (K = 20)/Fan et al.|[2018]]. The greedy-
decoded response rr—g, obtained at 7' = 0, P = 1, K =
20, serves as the most confident answer and is used for
accuracy evaluation. We use GPT-5-mini to automatically
evaluate the correctness of rr—g by comparing it with the
reference answer. We validate this automated evaluation
against human judgment, and relevant results are shown in

Appendix [E.5
4.2 MAIN RESULTS

Short-form Results Table[T]summarizes the short-form
experimental results across various datasets and LLMs. The
results show that SeSE consistently outperforms strong
white-box method SGD and the supervised baseline ER
across different model families (Llama-3.1 and Qwen-3)
and parameter scales (ranging from 3B to 70B). In partic-
ular, with Llama-3.1-8B, SeSE achieves improvements of
15.3% in AUROC and 14.4% in AURAC compared with the
SE baseline. On average across the five LLMs, SeSE signifi-
cantly surpasses all entropy-based baselines. Compared to
KLE, a recent refinement of SE, SeSE achieves an average
improvement of 3.5% in AUROC and 3.0% in AURAC. The
LN-PE performs the worst, as it computes average predictive
entropy solely from token-sequence probabilities, thereby
conflating semantic and lexical uncertainty. Although KLE
attempts to use the von Neumann graph entropy of semantic
graph kernels to mitigate the one-cut semantic equivalence
limitation of SE, it still performs semantic analysis at a
single, non-hierarchical abstraction level. In contrast, SeSE
constructs hierarchical semantic abstractions, enabling more
precise modeling of uncertainty across multiple semantic
levels and providing finer discrimination of nuanced uncer-
tainties. Importantly, SeSE works in a zero-resource manner,
which does not require external databases or additional train-
ing. The comparison of computational cost are provided in

Appendix [E.Z]

Long-form Results We find that even the most advanced
LLMs exhibit significant hallucination rates in our custom
long-form datasets (including 7,407 claims), with 28% for
DeepSeek-V3.1 and 25% for Gemini-3-Flash, on average.
As shown in Table[2] SeSE effectively identifies hallucina-
tions in long-form generation with superior AUROC and
AURAC scores compared to all baselines, including higher-

cost methods such as SC. For DeepSeek-V3.1, SeSE delivers
average improvements of 5.21% in AUROC and 1.57% in
AURAC over the second-best DSE. Additionally, verbal-
ized uncertainty performs poorly, suggesting contemporary
LLMs remain overconfident even when they should be un-
certain about the factuality of their responses. Therefore,
reliable uncertainty estimators are crucial for building user
trust in LLMs and mitigating deployment risks in high-
stakes scenarios. For further results, refer to Appendix [E]
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Figure 2: Pairwise win rates across 20 model-dataset scenar-
ios. Each cell indicates the proportion of scenarios where
the row method outperforms the column method. Green
value with a asterisk () indicates the binomial statistical
significance level p < 0.05 according.

Statistical Significance While standard errors are re-
ported in Table [1} it should be noted that in the context
of LLM UQ, standard errors tend to depend more on the
LLM and the dataset than on the UQ method itself [Farquhar
et al.|[2024]]. Rather than absolute values, the consistency
of relative results across scenarios serves as a more reliable
indicator of performance variation |[Farquhar et al.| [2024]].
Therefore, we perform a binomial statistical significance test
across all baselines. First, we conduct five repeated exper-
iments with distinct random seeds across 20 experimental
scenarios (100 runs). For each run, we compute the 95%
confidence interval using 1,000 bootstrap resamples. We
then adopt the pairwise win rate as the primary evaluation
metric. Within each scenario, the method with more wins
across five repeated trials is deemed superior. The heatmaps
in Figure [2] visualize the pairwise win rates, showing that
SeSE consistently outperforms baselines at a significance
level of p < 0.05. This finding indicates that although the
performance of SeSE may vary across scenarios, its com-
parative advantage remains highly consistent, making it a
more stable uncertainty estimator in practical applications.

4.3 ABLATION EXPERIMENTS

Number of Sampling Numbers The number of sampled
responses N does not need to be large. Figure [3|illustrates
how the performance of uncertainty quantification varies
with N for both short-form and long-form generations. The
reported values are aggregated across all datasets and LLMs.



Table 1: Detailed experimental results of 20 model-dataset pairs in short-form generation. All results are the average of five
runs and rounded to two decimal places. In each scenario, the best result is highlighted in bolded. The Avg./AZ) presents the
LLM-wise percentage improvement of corresponding method compared to the baseline SE.

BioASQ NQ-Open SQuAD SVAMP TriviaQA AVg./A%
Model/Method i
AUROC AURAC AUROC AURAC AUROC AURAC AUROC AURAC AUROC AURAC AUROC AURAC
P(True) 0.68+0.02  0.56+0.03 | 0.68+0.02 0.43+0.03 | 0.63+0.03 0.27-+£0.03 | 0.68+0.06 0.60+0.03 | 0.76+0.05 0.72+0.02 0.69 0.52
= | ER 0.67+0.03  0.57+0.02 | 0.64+£0.03  0.41+0.03 | 0.59+0.02  0.24+0.04 | 0.72+£0.02  0.62=0.01 | 0.71+0.01  0.66+0.01 0.66 0.50
2 SC 0.66-£0.03  0.55+0.02 | 0.69+0.02 0.44+0.02 | 0.63+0.03 0.26+0.03 | 0.78+0.03  0.65+0.02 | 0.72+0.02 0.68-+0.01 0.70 0.52
« | LN-PE 0.64£0.02  0.54+0.02 | 0.660.03 0.41+0.03 | 0.66+0.02 0.28+0.05 | 0.554+0.02 0.49+0.01 | 0.66+0.03  0.66--0.02 0.63 0.48
g |SE 0.64+0.01  0.53+0.01 | 0.68-0.03 0.43-0.02 | 0.64+0.02 0.27+0.04 | 0.55+-0.02 051001 | 0.66£0.03 0.64£0.01 | 0.63 Ape  0.48 Apge
= | SGD 0.66::0.02  0.56:0.03 | 0.70-£0.01  0.45+£0.02 | 0.64-0.02 0.28:£0.04 | 0.57+0.03 0.50+0.02 | 0.68:0.02 0.66:0.01 | 0.65 0.49
= | KLE 0.68+0.02  0.57+0.02 | 0.71:£0.02  0.46-£0.02 | 0.67-£0.02  0.30-£0.04 | 0.66-+0.02 0.58-0.02 | 0.76:-0.03  0.71+0.01 | 0.69 0.52
SeSE(Ours) | 0.70+0.02  0.58+0.02 | 0.77+0.03 0.46:-0.03 | 0.69-£0.02 0.35:£0.04 | 0.72+0.03 0.60-0.02 | 0.78+-0.01  0.73+0.01 | 0.73 0.54
P(True) 0.74+0.02  0.7220.02 | 0.69-£0.01  0.62:£0.01 | 0.72-£0.02  0.50-£0.03 | 0.824+0.02  0.880.01 | 0.77:£0.05 0.90-£0.01 0.75 0.72
2 ER 0.730.03  0.74:0.03 | 0.64:£0.02  0.59-£0.02 | 0.63-£0.03  0.51:£0.04 | 0.734+0.04  0.830.02 | 0.66::0.03  0.88-:0.01 0.68 0.71
5 | SC 0.75+0.02  0.72+0.02 | 0.69:£0.03  0.62:£0.03 | 0.81:£0.03  0.56-£0.04 | 0.86:0.02 0.90+0.01 | 0.81:0.04 0.91+0.01 0.78 0.74
= | LN-PE 0.74+0.02  0.72+0.03 | 0.70-£0.03  0.63+0.02 | 0.70+0.02  0.48+0.04 | 0.73+0.03 0.86+0.01 | 0.74+0.02  0.90+0.01 0.72 0.72
s | SE 0.7940.02  0.74+0.02 | 0.7240.03 0.64--0.02 | 0.780.04 0.53:0.04 | 0.83-0.03 0.88--0.01 | 0.76-0.05 0.90+-0.01 | 078 Apwe  0.74 Apae
E SGD 0.81+0.02  0.77+0.03 | 0.73+£0.04  0.65+0.03 | 0.78+0.03  0.53-£0.04 | 0.85+0.00 0.89+0.01 | 0.78+0.05 0.91+0.01 0.79 0.75
= | KLE 0.83+0.02  0.77+0.02 | 0.75+0.03  0.66+0.02 | 0.79+0.02  0.54+0.04 | 0.87+0.02 0.89+0.01 | 0.81+0.03 0.91+0.01 0.81 0.75
SeSE(Ours) | 0.84-£0.01  0.77+0.02 | 0.80+0.02 0.70+0.01 | 0.83+0.03 0.57+0.04 | 0.88-£0.01 0.94-0.01 | 0.82+0.04 0.91+0.01 0.83 0.78
P(True) 0.75+0.02  0.67+0.03 | 0.80+0.08 0.44+0.02 | 0.75+0.04 0.39-£0.06 | 0.85+0.01 0.84+0.01 | 0.83+0.05 0.74+0.02 0.79 0.61
ER 0.72+0.02  0.68+0.01 | 0.72+0.05 0.35+0.03 | 0.64+0.05 0.33-£0.04 | 0.80-£0.02 0.80+0.00 | 0.76+0.03  0.78-+0.02 0.73 0.59
@ SC 0.74+0.01  0.66=0.01 | 0.76:£0.02  0.40+0.02 | 0.75+0.03  0.40-£0.04 | 0.87-£0.02 0.85+0.01 | 0.78+0.03  0.72+0.02 0.78 0.60
'2 LN-PE 0.74+£0.04  0.66+0.03 | 0.77+£0.06  0.42+0.03 | 0.77+0.06  0.42+0.07 | 0.70+0.06  0.76:-0.02 | 0.78+0.05 0.78-0.02 0.76 0.60
S |sE 0.73+0.03  0.65+0.01 | 0.7940.04  0.43+0.02 | 0.77+0.03 0.41+0.04 | 0.70+-0.01  0.77+0.01 | 0.82£0.04 0.7340.02 | 0.76 Ape  0.60 Apgee
& | SGD 0.78+0.03  0.66=-0.03 | 0.83£0.04 0.46-0.02 | 0.77£0.01  0.42-+0.03 | 0.72+0.02  0.80+0.01 | 0.85+0.03 0.76:0.02 | 0.79 0.62
KLE 0.78+0.02  0.67-0.02 | 0.80-£0.03  0.43-£0.02 | 0.79-£0.03  0.40-£0.04 | 0.794+0.02 0.81+£0.01 | 0.85:0.04 0.75+0.02 | 0.80 0.61
SeSE(Ours) | 0.79+£0.02  0.68+0.01 | 0.81::0.02 0.44:0.02 | 0.80-£0.02 0.42:£0.04 | 0.87+0.02 0.860.01 | 0.87-0.04 0.78:0.01 | 0.83 0.63
" P(True) 0.70-£0.02  0.70+0.05 | 0.80-£0.03  0.57+0.06 | 0.68+0.03 0.43+0.09 | 0.90+0.04 0.89-+-0.03 | 0.84+0.05 0.87-0.03 0.79 0.69
& | ER 0.76-£0.03  0.70+0.03 | 0.67+0.01  0.54+0.06 | 0.64+0.02 0.48+0.08 | 0.85+0.02 0.84--0.02 | 0.73+0.05 0.83-£0.03 0.73 0.68
E Ne 0.74+0.01  0.71+0.05 | 0.77:£0.02  0.54-£0.05 | 0.68-£0.02 0.42-£0.10 | 0.894+0.03 0.89+0.03 | 0.86--0.05 0.87+0.03 0.79 0.69
& | LN-PE 0.70-20.03  0.70-20.05 | 0.75:£0.01  0.53-£0.06 | 0.69-£0.03  0.43-£0.09 | 0.68+0.02 0.82+0.02 | 0.68-:0.05 0.81+0.03 0.70 0.66
% | SE 0.73+0.02  0.71+0.03 | 0.76:£0.01  0.53:£0.06 | 0.75£0.02 0.46-£0.09 | 0.83+0.02 0.87+0.03 | 0.73:£0.05 0.82:+£0.03 | 0.75 Apge 0.68 Apge
5 | SGD 0.73+0.03  0.73+0.05 | 0.78£0.04  0.54+£0.08 | 0.75+0.03  0.49-£0.09 | 0.83+0.03 0.86+0.03 | 0.76:-0.05 0.83+0.03 | 0.77 0.69
5 KLE 0.75+0.02  0.72+0.05 | 0.79+0.02  0.56+0.05 | 0.76+0.02  0.47+0.10 | 0.844+0.02 0.88+0.02 | 0.784+0.05 0.84-+0.03 | 0.79 0.69
SeSE(Ours) | 0.76+-0.01  0.75+0.04 | 0.80+-0.01 0.58+0.05 | 0.76--0.03 0.48+0.10 | 0.88-£0.02 0.87+0.02 | 0.79+0.04 0.87+0.02 | 0.80 0.71

Table 2: Detailed experimental results of 4 model-dataset
pairs in long-form generation. Abs.(%) 71 presents the
percentage improvement of bolded method compared to

underlined method.

FA PopQA
Model/Method ctScore opQ
AUROC AURAC AUROC AURAC
_ |mw-vu 05380 06281 05198  0.6394
& | PH-VU 06366 07060  0.6476  0.7307
% | sc 06066 06864  0.6210  0.7331
2 | P(True) 07216 07371 07247  0.7709
2 | DsE 07842 07684 07909  0.8094
D
2 | SeSE(Ours) 0.8105 07801  0.8468  0.8224
Abs.(%)
o | Lvu 05260 06599 05823  0.6850
2 | PH-VU 06713 07210 06753  0.7300
= | sc 06226 06874  0.6461  0.7006
T | P(True) 07658 07800 07891  0.7791
£ | DSE 0.8315  0.8057  0.8480  0.8055
O | SeSE(Ours)  0.8581  0.8180  0.8588  0.8119
Abs.(%) 1

For short-form generations, performance gains show di-
minishing returns at N ~ 5. However, increasing NN to
10 can still be beneficial. For long-form generation, we
find that optimal performance is achieved with 9-10 re-
sponses. Different from short-form scenarios, more gen-

erations don’t always improve performance. This occurs
because the stochastic decoding strategy of LLMs increases
the likelihood of selecting low-probability tokens. Exces-
sively increasing sample numbers amplifies the selection
probability of selecting such tokens, potentially introduc-
ing irrelevant content and thereby diminishing the relative
weight of original greedily-decoding claims. We provide
unaggregated results for Figure 3]in Appendix [E.7]

Encoding Tree Height Figure [] shows SeSE’s perfor-
mance sensitivity to the encoding tree height K. The ac-
curacy improvement of the best tree height compared with
K = 1 is annotated in the figure. When K = 1, SeSE
degenerates to the non-hierarchical Shannon entropy of
the graph’s stationary distribution. Compared with K =1,
SeSE achieves its optimal performance on two and three
datasets at K = 2 and K = 3, respectively. We also ob-
serve that the optimal K correlates with task difficulty. For
instance, on the simpler dataset TriviaQA, SeSE peaks at

K = 2, while on the challenging SQuAD, the optimum is

found at K = 3. These findings demonstrate that SeSE can
flexibly adapt to diverse downstream tasks with optional en-

coding tree depth. Additional statistics and detailed analyses
for Figure ] are provided in Appendix [E.7}
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Figure 3: The performance of SeSE with different number of sampled responses (V).
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Figure 4: The performance of SeSE when adopting different tree height K.

S RELATED WORK

Short-form Uncertainty Estimation in LLMs Recently,
numerous UQ methods have emerged. A primary direc-
tion involves supervised learning, either by fine-tuning base
LLM:s or adding external layers to predict uncertainty scores
Liu et al.|[2024a], [ Xie et al.|[2024]], Li et al.|[2025a]. Despite
their promise, these methods are typically model-specific
and cannot be applied to closed-source models, resulting in
limited scalability and availability. Another line of research
explores verbalized uncertainty, prompting LLMs to express
uncertainty via natural language Kadavath et al.| [2022],
Tian et al.|[2023]], Mohri and Hashimoto| [2024]], Wang et al.
[2025]]. However, since most existing evaluation methods
fail to incentivize models to express uncertainty honestly
Kalai et al.| [2025]], LLMs tend to exhibit overconfidence
even when generating incorrect outputs. Consequently, ver-
balized uncertainty underperforms probabilistic methods
Mohri and Hashimoto| [2024].

The aforementioned methods primarily focus on lexical un-
certainty, neglecting semantic uncertainty, which is a more
essential indicator of LLM trustworthiness as it directly re-
flects response correctness |Farquhar et al.|[2024]. Semantic
Entropy [Farquhar et al.| [2024]] represents a significant ad-
vance that calculates the Shannon entropy of semantic equiv-
alence clusters as an uncertainty metric. However, SE is a
binary, one-cut measurement that overlooks finer semantic
differences between responses. While recent follow-ups like
Kernel Language Entropy (KLE) [Nikitin et al.|[2024] and
Semantic Graph Density (SGD) [Xiao et al.| [2025]] model

fine-grained semantic relationships in semantic graphs, they
fail to capture the semantic topological structure which re-
flects the informational essence of graphs|Li et al.| [[2024],
Su et al|[2025]], limiting their ability to distinguish between
fine-grained uncertainties. To address this, SeSE quantifies
the uncertainty inherent in the semantic graph after optimal
compression based on the structural entropy minimization
principle, providing more precise and interpretable uncer-
tainty estimates.

Granular uncertainty estimation Quantifying uncer-
tainty in long-form generation has attracted increasing at-
tention [Manakul et al., 2023} Mohri and Hashimoto, {2024,
Zhang et al., 2024, Jiang et al.,[2024]]. Most relevant to our
work is Graph Uncertainty [Jiang et al., [2024]], which em-
ploys graph centrality metrics like degree and closeness as
heuristic proxies for uncertainty. While SeSE also operates
on a bipartite semantic graph in long-form settings, the key
distinction is that SeSE exploits latent semantic structural
dependencies from a random walk perspective, providing
interpretable uncertainty estimates for black-box LLMs.

Structural Information Theory Structural information
theory |[Li and Pan| [2016] provides a framework to quan-
tify dynamic uncertainty in complex networks. Minimizing
structural entropy, by searching for a nested partitioning
tree, provides a theoretically grounded method to identify
the intrinsic community structure of a network |Li| [2024]).
This theory has been successfully applied across diverse
domains, including graph learning|Yang et al.| [2025]], social
networks |Yang et al.|[2024], and reinforcement learning
Zeng et al.[[2024], Peng et al.|[2026].



6 CONCLUSION

In this paper, we propose SeSE, a principled black-box UQ
framework that works for both open- and closed-source
LLMs. By constructing the optimal hierarchical abstrac-
tion, SeSE quantifies uncertainty inherent in the semantic
space after optimal compression, serving as an expressive
generalization of semantic entropy. Furthermore, it offers
interpretable and fine-grained uncertainty estimates for long-
form LLM generation. Extensive experiments show that
SeSE outperforms baseline methods. These findings high-
light the potential of SeSE for assessing LLM trustworthi-
ness. Future work may explore extending SeSE to multi-
agent systems and multi-modal LLMs.
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A  WORKED EXAMPLE OF SESE

Hallu, SeSE=3.22, SeSE=2.11, = % SeSE=2.05, "= %

Non-hallu, SeSE=2.97 SeSE=1.74, = 9% SeSE=1.60, ‘jAJ: %

Figure 5: Visualization of the constructed encoding trees for Llama-3.1-8B (Non-hallucinatory) and Llama-3.2-3B (Halluci-
natory). SeSE captures the hierarchical semantic structures, assigning a lower structural entropy to the consistent answers of
Llama-3.1-8B and a higher entropy to the contradictory answers of Llama-3.2-3B.

To demonstrate what SeSE captures in practice, we provide a real example from the SQuAD dataset. This example illustrates
the constructed encoding trees and shows exactly how SeSE captures hierarchical semantic structures that existing methods
miss.

Setup Consider a question: “Where was Albert Einstein born?” and the reference answer is “Ulm, Germany”. We
sample 10 responses from two models: Llama-3.1-8B (non-hallucinatory but varying in granularity) and Llama-3.2-3B
(hallucinatory). The sampled responses and their corresponding semantic cluster probabilities are summarized in Table

Table 3: Sampled responses from two LLMs for the question “Where was Albert Einstein born?”.

Samples Model A: Llama-3.1-8B (Non-hallucinatory) = Model B: Llama-3.2-3B (Hallucinatory)

0-4 “Ulm, Germany”, p(C1) = 0.56 “Ulm, Germany”, p(C1) = 0.55
5-7 “Baden-Wiirttemberg, Germany”, p(C2) = 0.30 ~ “Bern, Switzerland”, p(C2) = 0.35
8-9 “Germany”, p(Cs) = 0.14 “Vienna, Austria”, p(Cs) = 0.10

The Limitation of Semantic Entropy (SE) Both models produce three distinct semantic clusters with nearly identical
probability distributions. SE solely computes the Shannon entropy of these cluster probabilities:

SE 4 = —0.561og,(0.56) — 0.3010g,(0.30) — 0.141log,(0.14) ~ 1.39 bits,
SEp = —0.55log,(0.55) — 0.35log,(0.35) — 0.10 log, (0.10) = 1.34 bits.

Because SE ignores the semantic relationships between clusters, it incorrectly assigns similar uncertainty scores to both
cases (A = 0.05). It fails to recognize that Model A’s answers are factually consistent (varying only in specificity), whereas
Model B’s answers are contradictory hallucinations.

SeSE and the Constructed Encoding Trees SeSE constructs a directed semantic graph using NLI entailment scores
and builds an optimal K = 3 encoding tree by minimizing structural entropy. As shown in Figure [5] the resulting trees
reveal fundamentally different semantic organizations. By employing the optimal 3-dimensional encoding tree 7*, SeSE
captures the intrinsic hierarchical organization of the semantic space. The structural entropy of 7* quantifies the minimal



number of bits required to describe this semantic space. Specifically, the information required to locate a leaf node in 74 is
substantially less than that required for 7. When K = 1, describing a leaf node’s position in the one-dimensional encoding
tree requires approximately log, 10 ~ 3.32 bits. When K = 3, the hallucinatory case (Model B) exhibits a disordered
semantic structure. It has higher uncertainty during random walks within the tree and greater resistance to compression,
requiring 2.05 bits to describe with a compression rate of 36%. By contrast, the non-hallucinatory case (Model A) possesses
a more regular semantic organization. It is easier to compress and exhibits lower random-walk uncertainty, requiring only
1.60 bits to describe with a compression rate of 46%. Consequently, SeSE effectively identifies fine-grained uncertainty
distinctions even when existing semantic UQ methods fail.

B THEORETICAL PROOFS

Semantic Entropy (SE) fundamentally assumes that the LLM’s semantic space can be perfectly partitioned into disjoint
semantic equivalence classes (i.e., semantic clusters). From a graph-theoretic perspective, this assumption is equivalent to
compressing the fine-grained response-level graph we used into the coarse-grained guotient graph. In this quotient graph,
each semantic cluster acts as an atomic super-node, and the transition dynamics solely reflect the probability mass of the
clusters, completely abstracting away the internal and inter-cluster topological structures. To formally prove that SeSE
generalizes SE, we demonstrate that under SE’s ideal conditions, applying SeSE to this quotient graph exactly recovers SE.
In fact, in our practical implementation, we initialize with "clusters of size one" (i.e, treating each singleton response as
a cluster), whose transition probabilities are induced by NLI-based entailment scores between generated responses. This
construction captures additional asymmetric and richer semantic dependencies beyond the coarse-grained cluster masses
{p(C; | z)} used by SE. The detailed proof of Theorem 1]is shown as follows.

Theorem[I|(SeSE Generalizes SE). For any semantic clustering, there exists a semantic graph such that the one-dimensional
structural entropy of this graph is equal to semantic entropy (computed as in Eq.

Let C = {C4,...,Cy} be an arbitrary semantic clustering, and let p(C; | x) denote the probability mass assigned to
cluster C;, which is estimated by the frequency of samples falling into each cluster. Therefore, we have p(C; | ) > 0 and

>ty p(Ci | 7) = 1.

Proof. Step 1: Construct a semantic quotient graph whose stationary distribution matches p(C; | =)} ,. We first
construct a quotient graph Gejysier Where each vertex set represents a semantic cluster C; € {C1, ..., Cys}. Define a Markov
transition matrix P € RM*M py

P(i,j) =p(C; | ), VYi,je{l,...,M}.

Since Zj‘il P(i,j) = Zjv; p(C; | ) = 1, P is row-stochastic. Consider a distribution 7 € R given by (i) = p(C; |
x). For any j,

o

@
Il
-

M M
m(i)P(i,§) =Y _p(Ci | 2)p(Cy | x) = p(Cj | 2) > p(Ci | 2) = p(C; | z) = 7(j).
i=1 i=1
=1
Hence 7 is a stationary distribution of P. Moreover, since P(4,j) = p(C; | «) > 0 for all ¢, j, the Markov chain is
irreducible and aperiodic, so the stationary distribution 7 is unique.

Step 2: Apply SeSE with a one-dimensional encoding tree () = 1). Consider the one-dimensional encoding tree 7! for
Gluster» Where the root A contains all clusters, and each cluster C; is represented by a distinct leaf node «; that is directly
connected to the root, such that ’7;1 = {C;}. By definition in the main text (Eq. @) the structural entropy of this single-layer
encoding tree 7! is equivalent to the Shannon entropy of the stationary distribution of Gjuster:

1

a7 (Getuster) = H' (Getuser) = ZW ) logy (i
i=1

"Here, we set logarithms to base 2 for the sake of clarity. Using a different base would only scale entropy values by a constant factor
and does not affect relative uncertainty rank.



When the hierarchy height is restricted to K = 1, the optimal encoding tree 7 * is uniquely determined as 7. As SeSE is
defined as the total entropy of the optimal K -dimensional encoding tree 7*, we therefore have

M
SBSE(GC]uster, K = 1) = HT* (Gcluster) = HTI (Gclusler) = - Z F(Z) 10g2 7T(7’)

i=1
Substituting 7(i) = p(C; | x), we obtain:
M
SeSE(Gepyster, K =1) = — Zp(C’i | )log, p(C; | ) = SE(x).
i=1
Thus, we have proven that for any semantic clustering C' = {C1, ..., Cy,} with distribution {p(C; | )}, there exists a
corresponding semantic quotient graph such that SeSE with K = 1 equals SE. O

Theorem|I]shows that SeSE not only recovers SE for any clustering, but is also more expressive than SE. When K > 1, SeSE
can capture the hierarchical structure of the semantic space through a multi-level encoding tree. The resulting optimal tree 7 *
reflects a progressive semantic partitioning: lower layers correspond to fine-grained partitions that capture subtle distinctions,
while higher layers represent broader aggregations that reveal global semantic structural patterns. This hierarchical structure
captures both local and global semantic relationships, enhancing the ability to distinguish subtle uncertainty differences.
Consequently, SeSE can effectively distinguish uncertainties in complex scenarios where existing methods |[Farquhar et al.
[2024], Nikitin et al.|[2024], [Li et al.| [2025b]], Qiu and Miikkulainen| [2024] fail to differentiate between superficially similar
semantic distributions.

C DETAILS OF SESE IN LONG-FORM GENERATION

User:Question

| Who is Giindiiz Kilig? |
(1.1) Greedy Decoding LM A (1.2) Random Decoding | (3) Claim-level Uncertainty
@ Estimation
1.3) Claim
Decompositio
( GiindizKilicisa | [ Claim 1 of 7:Giindiiz Response 1: Giindiiz Kilig
renowned Turkish Kilig is a Turkish (1918-1980) was a Turkish
football coach and football coach and football player, coach, and
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Jan. 1, 1938, in - — —
Istanbul, Kilig played Claim 2 of 7:Glindiiz Response 2: Giindiiz Kilig
as a forward for clubs Kili¢ was born on (1927-1980) was a
like Besiktas and Jan. 1, 1938, in prominent Turkish football
Fenerbahge, earning Istanbul. player and coach ...
national recognition. Vp=CURV,CV,
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g fzotball Construction {claim}? Answer Yes or No

Figure 6: Overview of SeSE in long-form generation. We decompose the generated long-form response into atomic claims.
SeSE considers more sophisticated semantic structural information from the perspective of random walk, and hallucinations
are indicated by high SeSE associated with that claim in the constructed bipartite response-claim graph.

In practice, LLMs often output long-form paragraphs containing multiple claims Min et al.|[2023]: the smallest semantically
distinct unit of information presented within the generations. In long-form generation, we therefore assess uncertainty at the
finer-grained claim level rather than simply assigning a single uncertainty score to an entire response or sentence. We have



the following observation: given a context x, a set of randomly sampled responses R, and a set of claims C' extracted from
the greedily decoded response r1—o, we can construct a bipartite graph G, = ((R, C), E) where the edge set E represents
semantic entailment relationships between R and C'. The graph G, thus captures semantic dependencies between responses
R and claims C, from which we can extract information that reflects the uncertainty associated with each claim ¢ € C.
Intuitively, a claim that is densely connected to the response subgraph (i.e., consistently supported across sampled outputs)
is more likely to be factually correct. Conversely, a sparsely connected claim is more likely to be a hallucination. As shown
in Fig. [6] we first construct G, = ((R,C), E) and then estimate claim-level uncertainty using SeSE on this graph for
hallucination detection.

Response Sampling and Claim Decomposition Using the same sampling settings as in Section 3.1} we prompt LLMs
to sample a stochastic response set R(- | ) and a greedily decoded response r7—q. Then, we prompt GPT-5-mini with a
specific template to decompose r— into atomic claims, resulting in the claim set C. We adapt the prompt from Jiang et al.
[2024]]. The prompt is as follows:

You will be provided with a long-form text that contains multiple claims. A claim is the smallest independent and self-
contained perspective. Your task is to precisely identify and extract each claim within the given text, making sure there is no
semantic repetition. Then, for the sake of clarity, resolve all anaphora (pronouns or other referring expressions) within the
claims. Each claim should be concise and independently complete. Ensure that you are comprehensive and list each claim
as a separate sentence.

The input is: {greedily decoded response}

Output:

Bipartite Graph Construction The bipartite graph G, is constructed by establishing connections between the response
set R and the claim set C'. An edge e € FE is created between a response r € R and a claim ¢ € C' if r entails c. Edge
weights are binary: 1 if entailment holds and 0 otherwise. We leverage the nuanced logical understanding of GPT-5-mini to
assess entailment, thus avoiding the brittleness of manually tuned thresholds based on embedding distance or density-based
clustering. Specifically, we adapt the following prompt from Manakul et al.| [2023]] to each pair of response r € R and claim
¢ € C to construct the edge set F of the bipartite graph. Although this step requires N x |C'| LLM calls, it could take very
little time (about 2 seconds per query using GPT-5-Mini) by running in parallel rather than sequentially.

Context: {random sampling response}
Claim: {claim}

Is the claim supported by the context above?
Answer Yes or No:

Output:

And we presents the related ablation results of the entailment estimator in Appendix [E.¢

Claim-level Uncertainty Estimation In the bipartite graph G.. = ((R, C), E), we model entailment relations as random
walks between response and claim vertices, and quantify the uncertainty of these interactions using structural entropy.
By minimizing the K -dimensional structural entropy of G-, we obtain its optimal encoding tree 7., which captures the
inherent hierarchical community structure over C' and R. Following the same process in Section we start by initializing
a single-layer encoding tree 7, in which each leaf node « has the tree root A as its parent. Then, we obtain the optimal
K —dimensional encoding tree 7. using Algorithm[I] In 7., the root node X corresponds to the union of claim and response
sets, 7» = R U C. Each leaf node ~ is a singleton containing an individual claim or response, and intermediate nodes
represent hierarchical abstractions at different levels.

The structural entropy associated with each non-root node « quantifies the uncertainty of a random walk transitioning from
the parent community 7~ to its child community 7. For any claim ¢ € C, the uncertainty of reaching c is determined by
the cumulative entropy of all nodes a encountered along the path from the root node A to the leaf node v with V,, = {c}.
Accordingly, we define the SeSE of each claim c as its uncertainty of engaging in random interactions within G, as detailed

below:
Yo 1Z

VOI(GCT) IOgQ Va— ’ (17)

SeSE (Gepic) = — >

a€P(A—=y)\{A}

Nodes with low SeSE typically reside in the network’s core regions, corresponding to claims that are frequently accessed
during LLM generation, and are therefore more likely to be true. Conversely, claims with high SeSE often occupy peripheral



or sparsely connected regions, indicating a high likelihood of being hallucinations.

D DETAILS OF HIERARCHICAL ABSTRACTION

1
—_
1
OOOGOOOOOOW :
1-Dimensional hierarchical Repeat merging the best pair Repeat con'll:?ing the best pair
abstraction towards minimal structural towards minimal structural
entropy entropy

Figure 7: Illustration of the hierarchical abstraction construction with merging and combining operators.

Merging and Combining Operators [Li| [2024] Figure [7] illustrates the construction of a 2-dimensional hierarchical
abstraction. Specifically, consider a semantic space represented by a strongly connected graph G = (V, W, E') with non-
negative normalized edge weights, which is equal to an irreducible non-negative matrix A, x,. Let V. = {1,2,--- ,n},
and let 7 be an encoding tree for A. Assume « and 3 are two leaf nodes in 7 that share a common parent node 7, i.e.,
a~ = B~ = ~. The steps for optimizing the encoding tree using the merging operator of leaf nodes « and /3 are as follows:

(1) Create a new node § = v(*), and renumber the child nodes of vas 0,1, - k;
(2) SetTs ={xz,y};

(3) Create two new nodes §(, 5¢1);

(4) Define T50y = {z} and Ts5¢1y = {y};

(5) Delete o and S3.

We define g, g as the total weight of edges connecting vertices in V,, to vertices in Vg as follows:

Jap = Y, D m(oi) W(vs,v;), (18)

v EVy v EVg

The entropy variation caused by a single merge operation on sibling nodes «, 5 € T is denoted as AZ{’ 5" and is calculated
as follows:

Lp

Lo Lg
APrer = |HT (Gsa) + HT (G5 8)+ Y HT (Gyou) + Y H' (G; )

Lo
HT (G prmer) + Y HT (Gron) + > HT (G35)

st st )
_ 90— 32" Ga, og, Vimer | 95~ 20" 95, Nog, Viner | 9a5 + 95 Nog, Va
vol (G) Va vol (G) Vs vol (G) Viemen
Lo Lg
9o T 98 Vo~ Zi;&j Jai,a; Vitmer Zi;zj 98i.8; Viter
= -log, - -log, - -log, )
vol (G) Viemer vol (G) Va vol (G) Vs

19)
where T represents the tree after the merge operation, L, denotes the number of child nodes of «v, and e, is the newly
added node created by the merge operation.

Assume « and ( are two arbitrary nodes in 7 that share a common parent node ~, i.e., «~ = 8~ = ~. The steps for
optimizing the encoding tree using the combining operator of « and § are as follows:
(1) Let T, and T} denote the subtrees of 7T rooted at « and 3, respectively;

(2) Create a new node ¢ with parent -y (i.e., § shares the same parent as « and 3);
(3) Add two child nodes to §: 5% and §(V;



(4) Insert the subtree T, and T} into 6‘*) and 6V, respectively;
(5) Delete o and S3.

The entropy variation caused by a single combine on sibling nodes «, 5 € T is denoted as A" 5™ and is calculated as
follows:

Ay = [H (Gia) + BT (Gi8)] = [HT (G preom) + HT (Gsa) + HT (G5 )]
9 Va- 98 Voo Gueom

= -log, —%— + -log, —%— — -log V-
vol(G) 2V, VOL(G) TPV, vol(G) TPV,
_ 92t 95~ Gueom 1 Va- (20)
vol (G) 2 Viteom

9a,B + 9B,a Va*
— JeB T Ibe i, o
vol(G) 82y,

Hecom

where ft¢on, 1S the newly added node via the combine operation. The 2-dimensional encoding tree could then be optimized
to the needed K -dimension by continuing to greedily and iteratively apply merging and combining operators.

Time Complexity of Hierarchical Abstraction Construction The overall time complexity of the hierarchical abstraction
construction is O(n? + m - log, n) (Step 2 and Step 3 in subsection , where n = |V| denotes the number of vertices in
the semantic graph, and m = |E| indicates the number of edges. The graph construction phase exhibits a time complexity of
O(n?). According to the analysis of Pan et al.[[2025], the optimization process of the high-dimensional encoding tree via
merging and combining operators contributes a time complexity of O(m - log, n).

E ADDITIONAL EXPERIMENTAL DETAILS AND ANALYSIS

E.1 HARDWARE AND RESOURCES

In terms of computing resources, as it is necessary to sample generations from LLMs to model the semantic space, our
experiments require one or more GPUs to accelerate LLMs inference. Without GPU support, reproducing the results
within a reasonable timeframe is infeasible. For short-form generation tasks, we use the GPT-5-mini model accessed
through the OpenAl API to evaluate accuracy. As OpenAl’s pricing is based on the number of input and output tokens, the
cost of reproducing our experiments varies with configuration, typically averaging around 1$-5$ per run. The concurrent
experiments are conducted on two NVIDIA RTX PRO 6000 graphics cards, each with 96 GB of memory. Depending
on the model size and experimental setup, the generation phase for each scenario requires between 2 and 24 hours. Our
experimental procedure involves first generating responses for all dataset-model pairs, followed by the computation of
various uncertainty metrics. Model outputs are not regenerated across runs; instead, only the corresponding uncertainty
metrics are recalculated.

E.2 COMPARISON OF COMPUTATIONAL RESOURCE CONSUMPTION

In this subsection, we analyze the computational resource consumption of various UQ methods. Due to the large parameter
sizes of LLMs, their inference costs are substantially higher than those of other components. Our analysis thus focuses
primarily on LLM inference consumption. Besides the white-box method LN-PE, the few-shot prompting method P(True),
and the supervised training method ER, all other baselines require sampling N possible answers, incurring the same
consumption. To improve the accuracy in semantic clustering for SE and self-consistency assessment for SC, following the
original implementations, we employ GPT-5-mini for entailment prediction. In the worst-case scenario, this necessitates
additional N2 LLM inference calls and N calls for SC. Graph-based methods (KLE and SGD) utilize lightweight NLI
models to compute entailment scores between responses, which is identical to SeSE. In summary, SeSE significantly reduces
computational costs compared to SE and SC while achieving superior performance. When compared to graph-based methods,
SeSE delivers better results while maintaining equivalent resource consumption. Although the sampling process increases
the generation cost, SeSE avoids the limitations of supervised methods (ER) that require retraining for new models and
tasks, or white-box methods (LN-PE, P(True)) that depend on LLM internal states. Moreover, in safety-critical tasks, the
potential cost of a hallucination should outweigh the cost of sampling multiple answers. Therefore, reliable uncertainty
quantification through SeSE should always be worthwhile.



E.3 GENERALIZATION ANALYSIS

Figure [8aillustrates the hallucination rates of used LLMs on each dataset. As can be seen, our experiments cover a range
of LLMs with varying hallucination levels across diverse generation tasks. The values plotted in Figure [8b]represent the
aggregate AUROC scores over five LLMs. Embedding regression is a representative supervised approach that utilizing a
trained logistic regression classifier to predict answer correctness. P(True) serves as an “in-context”" supervised method
that adapts to specific tasks through few-shot demonstrations in the prompt. As indicated by the light red and light purple
bars, both P(True) and ER suffer substantial performance degradation when the data distribution shifts between training
and testing. In contrast, as an “off-the-shelf”” method, SeSE consistently outperforms both supervised and entropy-based
baselines on in-distribution and out-of-distribution (OOD) datasets, demonstrating significant generalization and practical
utility potential. Such generalization is especially important for UQ, as real-world scenarios frequently involve distribution
shifts between training and deployment phases, and reliable UQ methods should perform well across different scenarios.
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(a) Hallucination rate of LLMs across used datasets. (b) OOD performance comparison among entropy-based methods.

Figure 8: Hallucination rate of used LLMs in different domains and performance comparison of entropy-based methods in
OOD datasets. OOD represents the method is evaluated on out-of-distribution datasets.
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Figure 9: SeSE significantly outperforms benchmark graph centrality metrics in TableE'r

E.4 COMPARISON WITH GRAPH CENTRALITY METRICS

Regarding granular uncertainty estimation in long-form generation, the most closely related work to ours is Graph Uncertainty
[2024]], which utilizes the negative centrality scores of claim nodes within a claim-response bipartite graph as
the uncertainty metric. However, the centrality metrics employed by 2024] fail to capture the richer semantic



topological structures |Li and Pan|[2016] and offer limited interpretability. Here, we compare SeSE with several widely used
graph centrality measures, including betweenness, eigenvector, PageRank, and closeness [Lin et al.|[2024]]. The specific
definitions of these metrics are detailed in Table[d] We follow the same setup in main experiments. As illustrated in Figure[9]
SeSE consistently outperforms these graph centrality metrics, demonstrating its superior ability to identify central nodes
within the claim-response graph.

Table 4: Graph centrality metrics with their formulas and explanations.

Metric Formula Brief Explanation

_ 0ot (V) Fraction of shortest paths o; between other nodes s, 7
Betweenness  Cp(v) =3 iz 5, that pass through a node v.

Evaluates the influence of node v based on the
Eigenvector  Crigo(v) = 3 > .c Ny AvuCEigu(u)  importance of its neighbors N (v). A, is adjacency
matrix entry. A is the largest eigenvalue of A.

Quantifies node importance by combining link quantity
PageRank Cpr(v) = % +dYuen(w) Clj]{,%i)“‘) and quality. d is the damping factor. N (v) is the set of
neighboring nodes of node v.

Reciprocal of the average shortest path distance to all
Closeness Co(v) = % . I“‘//v |‘ nodes. d(v, u) is the shortest-path distance between v and
. |V,| is number of nodes reachable from v.

ueV

V': The node set of graph G. A: The adjacency matrix of graph G. |V|: The total number of nodes in graph G.

E.5 ASSESSING ACCURACY OF AUTOMATED GROUND-TRUTH EVALUATIONS

The F1 score is the harmonic mean of precision and recall of the lexical overlap between the reference answer and the
generated answer. It is widely used to evaluate fixed-answer generation tasks. However, this metric exhibits obvious
limitations in short-form, free-form text generation: lexical overlap between LLMs responses and the short reference
answers may be unreasonably low, rendering the F1 score ineffective. Therefore, our study leverages the natural language
understanding capabilities of LLMs rather than relying on simple lexical matching. We employ GPT-5-mini to assess
semantic equivalence between LLM-generated answers and reference answers.

To verify the reliability of our automated factual evaluation, we manually inspect 500 questions (100 from each of five
experimental datasets) and analyze the short-form answers generated by the models. We focus on the concordance between
human and automated methods, rather than the correctness of the evaluations. Table [5|presents consistency statistics between
automated evaluation methods and human reviewer judgments. The table shows that the agreement rate between the two
human assessors (95%) closely approximates their average agreement rate with GPT-5-mini (94%). Although GPT-40 and
Qwen-3-32B perform slightly worse, we select GPT-5-mini for the results presented in this paper, as it provides the best
factual estimates.

Table 5: Assessing automated ground-truth evaluators.

F1 Score Qwen-3-32B  GPT-40 GPT-5-mini Human A Human B

Human A 0.63 0.93 0.93 0.95 - 0.95
Human B 0.60 0.91 0.91 0.93 0.95 -
Average 0.62 0.92 0.92 0.94 - -

E.6 ASSESSING ENTAILMENT ESTIMATOR IN LONG-FORM GENERATION

The bipartite graph construction involves entailment judgments between long-form responses and short claims. Figure[I0]
shows the ablation results of different entailment estimators. Conventional BERTScore and DeBERTa perform poorly, and



GPT-5 does not offer notable advantages compared to GPT-5-mini. Consequently, we choose GPT-5-mini for its comparable
performance and greater cost-effectiveness. The experiment is conducted on the PopQA using Gemini-3-Flash.

Il BERTScore
I DeBERTa-V3-large

Value

AUROC AURAC

0

W Qwen-3-32B I GPT-5
B GPT-5-mini

10% 20% 30%

Rejection Accuracy

Figure 10: Assessing entailment estimators in long-form generation. The 10% rejection accuracy indicates the accuracy of
the LLM after declining to respond to queries whose uncertainty ranking falls within the top 10%.
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Figure 11: AUROC and AURAC performance across different sample sizes in long-form experiments.

E.7 DETAILED RESULTS OF HYPERPARAMETER SENSITIVITY

In Figure[T2] we present the empirical statistics of semantic cluster counts across datasets used in the short-form experiment.
As illustrated, the semantic spaces of simpler datasets such as TriviaQA and SVAMP usually contain only one or two clusters,
reflecting the fact that large language models generally answer these questions correctly. In contrast, more challenging
datasets like SQuAD exhibit much higher semantic complexity: approximately 30% of the questions correspond to semantic
spaces with six or more clusters, indicating more intricate and disordered semantic structures. From an information-theoretic
perspective, such complex semantic spaces are difficult to compress. Accurately describing them therefore requires more
information (bits), i.e., constructing deeper encoding trees (larger K) to effectively quantify their inherent uncertainty.
Figure [[T]shows the unaggregated hyperparameter sensitivity results in the long-form experiments. In Figures[I3}-14] we
report the unaggregated hyperparameter sensitivity results of the sampling size N in short-form experiments.
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F PROMPT DETAILS

Here we mark placeholders with the blue color.

F.1 RESPONSE SAMPLING PROMPT

We follow [Farquhar et al.| [2024] and use the following prompt template to obtain answers in short-form experiments,
including both the greedily-decoded answer (to evaluate the model’s accuracy) and the randomly sampled responses (to
measure the model’s uncertainty).

Answer the following question concisely in one sentence.
Question: {question}
Answer:

Table [6includes two examples showing the sampled responses of the Llama-3.1-8B to two questions.

F.2 GROUND-TRUTH EVALUATION PROMPT

For short-form generation, we automatically determine whether the given answer is correct or incorrect by comparing it with
the reference answer using GPT-5-mini. The specific prompt that we adapted from [Farquhar et al.|[2024] is as following:

We are evaluating the correctness of answers to the question: {question)}
The reference answer is: {reference answer}
The proposed answer is: {greedy decoding generation}
According to the reference answer, determine whether the proposed answer is correct within the context of the question.
Respond with only Yes or No.

For the dataset SQuAD_V?2 with multiple reference answers, the second line becomes “The following are the reference



Table 6: Example Responses from BioASQ and NQ-Open datasets sampled from Llama-3.1-8B.

Example Responses from BioASQ

Example Responses from NQ-Open

Input: Answer the following question concisely in one sentence.

Question: Which organs are mostly affected in Systemic Lupus
Erythematosus (SLE)? Answer:

Reference Answer
kidney, brain, heart, skin

Greedily-Decoded Response
SLE primarily affects the skin, kidneys, and heart. v/

Input: Answer the following question concisely in one sentence.
Question: Which financial statement involves all aspects of the
accounting equation? Answer:

Reference Answer
balance sheet

Greedily-Decoded Response
accounting equation. X

Randomly Sampled Responses

Randomly Sampled Responses

o including the skin, joints, kidneys, and kidneys o +(1: Balance Sheet.

o+ the skin, joints, kidneys, and heart. « r(®: the balance sheet.

e 3 the skin, joints, kidneys, heart, brain, and kidneys.  r®): balance sheet.

o ) the skin, joints, kidneys, and the immune system. o« 7 balance sheet.

« ®): the skin, joints, kidneys, and lymph nodes. « +(®: Income statement.

e 79 the joints, skin, kidneys, and kidneys. « (%) the statement of cash.

o (7 the skin, kidneys, heart, brain, and immune system. o (7 the cash flow statement.

 r(®: the skin, kidneys, and lupus-prone joints. « 7(®: the Balance sheet.

o +®: the skin, joints, kidneys, heart, and brain. « r®: the statement of equity or stockholders’ equity.
o (190 the skin, kidneys, heart, and lungs. o (190 the cash flow statement.

answers:", and the last line asks “determine whether the proposed answer has the same meaning as any of the reference
answers within the context of the question."

G DATASETS DETAILS

SeSE can detect confabulations in free-form text generation across a range of domains without requiring prior domain
knowledge. We evaluate it on short-form question-answering tasks spanning life sciences, mathematical reasoning, trivia
knowledge, open-domain QA, and commonsense reasoning. Furthermore, to examine SeSE’s hallucination detection
capability in long-text generation tasks, we construct four custom datasets based on the generated outputs of DeepSeek-V3.1
and Gemini-3-Flash on two benchmark datasets—FActScore and PopQA. Since current LLMs have an excessively high
accuracy rate when using tools, all experiments are conducted in offline mode, relying solely on their own capabilities.
All experimental datasets have been made publicly available in the code repository to facilitate reproducibility and further
development.

G.1 DATASETS IN SHORT-FORM EXPERIMENTS

In the short-form experiment, we utilize five representative QA datasets covering different domains: BioASQ [Krithara et al.
[2023]], SVAMP [Patel et al.| [2021], TriviaQA Joshi et al.| [2017]], NQ-Open Kwiatkowski et al.|[2019]], and SQuAD_V2
Rajpurkar| [2018]]. BioASQ derives from the annual biomedical semantic-indexing and question-answering challenge of
the same name, focusing on life sciences. We select dataset from Task B of the 2023 BioASQ challenge. SQuAD_V2, a
reading comprehension dataset, contains answers extracted from Wikipedia paragraphs. We exclude unanswerable questions
designed to induce erroneous responses. TriviaQA encompasses trivia questions across multiple domains, including history,
science, entertainment and so on. SVAMP features elementary mathematical word problems that test reasoning abilities.
NQ-Open, an open-domain subset of Natural Questions, comprises real Google search queries with answers found in
Wikipedia documents. For each dataset, we sample 300 examples for training and 300 for testing each time with different
random seed. Notably, SeSE is completely independent of the training data. For datasets with predefined partitions, sampling
occurred within their respective training and test sets. All experiments employ free-form question answering rather than
multiple-choice or true/false formats to better assess the characteristics of LLMs in generating free-from text. As the
questions become too easy for the current LLMs when context is provided, we withhold context paragraphs across all
experiment datasets except SVAMP to increase difficulty.



Below are some example prompts of the short-form datasets we used, which are feed to the LLMs according to the template
described in Appendix [F]

BioASQ

J

Answer the following question concisely in one sentence.

Question: What is the msDNA?

Answer:

Reference Answer: msDNA is actually a complex of DNA, RNA, and probably protein.

I r
J

NQ-Open

Answer the following question concisely in one sentence.
Question: What is the name of india pakistan border?
Answer:

Reference Answer: International Border (IB)

SQuAD_V2

Answer the following question concisely in one sentence.
Question: What was Warsaw’s population in 1901?
Answer:

Reference Answer: 711,988

SVAMP

Answer the following question concisely in one sentence.

Context: A grocery store had 72 bottles of regular soda, 32 bottles of diet soda and 78 apples.
Question: How many more bottles than apple did they have?

Answer:

Reference Answer: 26

J

I r
J

TriviaQA

Answer the following question concisely in one sentence.
Question: Traitor’s Gate is part of which building?
Answer:

Reference Answer: tower of london

7~

G.2 DATASETS IN LONG-FORM EXPERIMENTS

We select DeepSeek-V3.1 and Gemini-3-Flash as representative SOTA LLMs at the time of writing. Due to the absence of
fine-grained, long-form hallucination evaluation datasets for these two models, we construct four new datasets based on

entities from FActScore Min et al| [2023]] and PopQA [Mallen et al.|[2023].

FActScore: This dataset is widely used for evaluating the factuality of biographies generated by LLMs, with entities sourced
from Wikipedia. We select entities from the publicly released “unlabelled” portion and prompt each model with the query
“Tell me a bio of wiki_entity:[subject]” to collect long-form generations.

PopQA: This dataset contains Wikipedia entries spanning 16 subject domains. Although PopQA is not originally designed
for long-text generation, it includes long-tail entities with low-popularity, which present substantial challenges for offline-
deployed LLMs. We filter for long-tail entities and prompt each model with the query “Provide me with a paragraph detailing
some facts related to [subject]” to collect model-generated content.

To ensure quality, we further filter entities based on the informational completeness of their corresponding Wikipedia pages,
removing those with page lengths shorter than 2000 tokens. This step ensures that each retained Wikipedia page contains



sufficient reference material for subsequent annotation.

Annotation Process: For each model-dataset pair (four pairs in total), we employ a two-stage cross-validation annotation
process. First, we generate factual claims for each sampled entity, following the processing pipeline detailed in Appendix [C]
Each claim that extracted from the greedily decoded response is then evaluated for factual accuracy according to the
following criteria:

* True: The claim is factually accurate and can be verified by the corresponding Wikipedia pages.

 False: The claim contains factual errors or contradicts information found on the corresponding Wikipedia page.

To enhance annotation efficiency and consistency, we utilize two powerful reasoning models, GPT-5 and DeepSeek-R1,
for automated labeling. A claim is automatically assigned a label only if both models produce identical classifications;
otherwise, the claim is reviewed by human annotators for final decision. This hybrid annotation framework ensures high
accuracy while enabling large-scale processing. In total, 7,407 generated claims have been annotated through this process.

We find that even such powerful LLMs exhibit significant hallucination rates, with 28% for DeepSeek-V3.1 and 25% for
Gemini-3-Flash. Although hallucinations, like software vulnerabilities, cannot be completely eliminated at the current stage,
effective detection mechanisms can mitigate associated risks and enhance the reliability of LLMs. Given that hallucinations
may lead to serious real-world consequences, reliable uncertainty quantification is crucial for ensuring the responsible
deployment of LLM-based systems, which highlights the important value of our research.

Below is the example of FactScore with DeepSeek-V3.1.

Dataset: FActScore, Model: DeepSeek-V3.1

Prompt:
Tell me a paragraph bio of wiki_entity: Danny Faure

Greedily Decoded Generation:

Danny Faure is a Seychellois politician who served as the President of Seychelles from 2016 to 2020. He assumed office following
the resignation of his predecessor, James Michel, and became the fourth president of the island nation. Faure, a member of the
United Seychelles party, had previously held key ministerial positions, including Vice President and Minister of Finance. During
his presidency, he focused on economic reforms, environmental conservation, and social development. After leaving office, he
was appointed as the Special Envoy for the African Union on maritime security in the Indian Ocean. Faure is recognized for his
contributions to Seychelles’ stability and sustainable development.

Extracted Atomic Claims and Annotations:

T] Danny Faure is a Seychellois politician.
Danny Faure served as the President of Seychelles from 2016 to 2020.
Danny Faure assumed office following the resignation of his predecessor, James Michel.
Danny Faure became the fourth president of Seychelles.
Danny Faure is a member of the United Seychelles party.
Danny Faure previously held the position of Vice President of Seychelles.
Danny Faure previously held the position of Minister of Environment in Seychelles.
Annotation: Danny Faure previously held the position of Minister of Finance in Seychelles.
[F] During his presidency, Danny Faure focused on economic reforms.
Annotation: economic reforms were clearly recorded only during his tenure as finance minister in Wikipedia.
[T] During his presidency, Danny Faure focused on environmental conservation.
[F] During his presidency, Danny Faure focused on social development.
Annotation: there is a lack of direct evidence to summarize the presidential term as "focusing on social development”
[F] Danny Faure was appointed as the Special Envoy for the African Union on maritime security in the Indian Ocean.
Annotation: there is no such position.
[T] Danny Faure is recognized for his contributions to Seychelles’ stability.
[T] Danny Faure is recognized for his contributions to Seychelles’ sustainable development.

Hallucination Analysis:

This serves as a typical example of how LLM long-form output interleaves true and false claims. While the model accurately
describes most of the subject’s historical political career of Danny Faure, it hallucinates a nonexistent AU Special Envoy role and
exaggerates attributions that are not supported by any authoritative references.



https://en.wikipedia.org/wiki/Danny_Faure

H BASELINES DETAILS

This section aims to comprehensively elaborate on the benchmark methods employed in our experiments. We will conduct
an in-depth analysis of the specific details of each method, including its prompts and implementation approaches. By
providing detailed descriptions of these benchmark methods, we strive to ensure the reproducibility and transparency of the
experimental setup.

H.1 BASELINES IN SHORT-FORM EXPERIMENTS

Length-normalized Predictive Entropy (LN-PE) Malinin and Gales|[2021]]. To calculate prediction entropy, we must
obtain the probabilities that LLMs assign to generated token sequences. The probability of an entire sequence s given context
x equals the product of probabilities for each token conditioned on previous tokens, with its log probability expressed as
log P(s|x) =", log P(s;|s<i, ). s; is the i-th output token and s, denotes all preceding tokens. Due to the conditional
independence of token probabilities, longer sequences inherently have lower joint likelihood. The joint likelihood of a
sequence decreases exponentially with length L, while its negative log probability increases linearly with L, causing
longer sentences to contribute disproportionately to entropy. Length-normalized prediction entropy addresses this bias by
normalizing the log probability by sequence length, using the arithmetic mean % Zle log P(s;|s<s, ). This normalization
effectively assumes that the uncertainty of the generated result is independent of sequence length.

P(True) Kadavath et al.[[2022]. This method first prompts LLMs to generate multiple distinct answers, then presents this
answer list alongside the greedy decoding response and a binary question: “Is this answer (a) correct or (b) incorrect?". The
uncertainty score is determined by taking the negative of the probability that the LLMs answer "(a)" to this multiple-choice
question. Following [Farquhar et al.| [2024], we enhance P(True) through few-shot prompting by incorporating ten randomly
selected training examples formatted according to the described protocol and annotated with their true labels. This strategy
represents a form of supervised in-context learning that leverages partial reference answer without necessitating model
retraining.

SelfCheckGPT (SC) Manakul et al.|[2023]. SelfCheckGPT (SC) is the first zero-resource hallucination detection solution
that can be applied to black-box systems. SC-Prompt represents its highest-performing variant, which prompts the LLM to
assess the semantic consistency between the target sentence and a set of randomly generated samples, thereby determining
the presence of hallucinations. The specific procedure is as follows: given a sentence to be evaluated r; and N randomly
generated samples S™ corresponding to the same query, a fixed prompt template is used to instruct the LLM to evaluate their
semantic consistency. The LLM’s output is then converted into a numerical score x in accordance with predefined rules.
Finally, the inconsistency score for the sentence is obtained by averaging these individual scores. A score approaching 1.0
indicates a higher likelihood that the sentence contains hallucinations. The calculation formula is:

1 N
SCrompt = 7 D 2", @1

n=1

where x}' is the mapping score corresponding to the n-th sample. In our experiment, we used the optimal variant SC p,opmpt
as the baseline.

Embedding Regression (ER) Farquhar et al. [2024]. Embedding Regression represents a typical supervised learning
approach. Inspired by Kadavath et al. Kadavath et al.| [2022]], who developed predictors by fine-tuning proprietary language
models on annotated QA datasets to assess whether target LLMs could correctly answer specific questions, [Farquhar et al.,
2024 implemented a more efficient alternative. This approach directly extracts the final hidden layer states from LLMs and
trains an Embedding Regression classifier to achieve equivalent predictive functionality without requiring model fine-tuning
or ground-truth answers.

Semantic Entropy (SE) Farquhar et al. [2024]. Semantic entropy aims to evaluate the uncertainty of LLMs regarding
the meaning of their generated sequences. It first calculates the sum of probabilities for all token sequences that can be
considered as expressing the same meaning. Given context z, for each semantic equivalence class ¢, its probability P(c|z)
is estimated through semantic clustering of generated sequences s:

P(c\x)zZP(sM:):ZHP(si\s<i,x). (22)

s€c sec 1



Semantic entropy (SE) is then estimated as the Shannon entropy of the meaning distribution:

SE(z) = — Y P(clx)log P(c|x). (23)

ceC

In practice, it is not possible to calculate )~ p(C' | x)logp(C' | z) because of the intractable number of semantic clusters.
Instead, discrete semantic entropy (DSE) uses a Rao-Blackwellized Monte Carlo estimator

M
DSE(z) ~ — Zp’(Ci | ) log p'(C; | ), (24)
i=1
where C; are M clusters extracted from the N generations and p'(C; | x) = %, which we refer to as p(C; | x)

in the following for simplicity. DSE can be extended to cases where token likelihoods are not available by approximating
p(C; | ) with the fraction of generated texts in each cluster, p(C; | z) ~ va:l I(s; € C;)/N.

Kernel Language Entropy (KLE)Nikitin et al. [2024]. To address the limitations of traditional semantic entropy, which
only rely on semantic equivalence relations and fail to capture fine-grained semantic similarities, Nikitin et al. proposed
Kernel Language Entropy (KLE). Its encodes the semantic similarities between texts generated by LLMs through a unit
trace positive semidefinite kernel K.,, and then use the von Neumann Entropy (VNE) to quantify the uncertainty of the
semantic space represented by this kernel. For a unit trace positive definite matrix A € R™*", its von Neumann Entropy,
denoted as VNE(A), is defined in the form of matrix trace operation. On this basis, the KLE is defined as the VNE of the
semantic kernel:

VNE(A) = —Tr[Alog A], (25)
KLE(z) = VNE(Kiem)- (26)

In our experiment, we used the optimal variant KLE ;7 5 47 as the baseline, which is a heat kernel over constructed semantic
graph.

Semantic Graph Density (SGD)Li et al.| [2025b]. [Li et al., [2025b] proposed Semantic Graph Density (SGD), which
quantifies semantic consistency using graph density and adjusts edge contributions by incorporating answer probabilities. For
N white-box sampled answers {y(¥} Y, pairwise semantic similarities s;; and length-normalized probabilities P(y@]z)
are first computed to construct the semantic graph. SGD is defined as the negative value of semantic graph density, and the
best-performing variant is version SGDg p, which optimizes edge contribution through a probability fusion strategy:

SGD, 4 p(z) = — Z sij - (4, 5), @7
1<j
o 1 P(yWz)P(yY)|z)
) =0 ————— 1-0)- . 28
Wi =0 g 0 s Py PO .

Where pu(i, 7) is the edge contribution weight fusing prior uniform distribution and answer joint probability, and 6 is a
balancing hyperparameter. In our experiment, we used the optimal variant SGD p as the baseline.

H.2 BASELINES IN LONG-FORM EXPERIMENTS

Discrete Semantic Entropy (DSE) variant Farquhar et al. [2024]. For long-form generation, discrete semantic entropy
operates through three key steps: (1) decomposing the text into atomic claims, (2) generating multiple possible questions that
could trigger each claim in reverse, and (3) querying the original LLMs to produce new responses for each question, while
including the original claim as a candidate. The final uncertainty estimate for each claim is derived by averaging the semantic
entropy values across all associated questions. In our long-form experiments, we implement discrete semantic entropy
according to the original paper’s best practices. Applying discrete semantic entropy to long-form generation introduces
additional assumptions and complexities, and its computational cost increases with higher sampling. In contrast, SeSE
achieves better performance with a more concise principle and lower cost.

Verbalized Uncertainty (VU) Mohri and Hashimoto|[2024]. Verbalized Uncertainty prompts LLMs to directly express
their confidence in a claim through natural language and maps confidence expressions in the LLMs’ output (e.g., “very



confident", “100%", etc.) to numerical values. Uncertainty is quantified as the negative value of ther confidence score. Here,
we mainly consider two variants:

¢ Post-hoc Verbalized Uncertainty (PH-VU): This method elicits the verbalized confidence in a post-hoc manner
after the entire claim set C' has been decomposed from generations. Specifically, we prompt an LLM to express its
confidence about each claim ¢ € C' given multiple options such as “Unlikely (40%)”, “Even chance (50%)” etc. The
specific prompt that we adapted from Mohri and Hashimoto| [2024] is as following:
You are provided with some possible information about a Wikipedia entity. Assess the likelihood that this information is
correct and describe it using one of the following expressions: Certainly false (0%), Very unlikely (20%), Unlikely
(40%), Even chance (50%), Possibly true (60%), Likely (80%), Certainly true (100%).
Just provide your confidence expression, do not output other text or explanations.
The entity is: {entity}
The possible information is: {claim}
Output:

In-line Verbalized Uncertainty (IL-VU): In-line verbalized uncertainty (IL-VU) directly elicits the verbalized
confidence about each claim c in an in-line manner right after it is decomposed from the generations. Thus, we prompt
LLMs with a long-form generation and instructions to give all the claims with corresponding confidence scores. The
specific prompt that we adapted from Mohri and Hashimoto| [2024] is as following:

Please deconstruct the input paragraph into the smallest possible standalone self-contained facts without semantic
repetition with corresponding confidence score.

The confidence score should represent your confidence in the claim, where a I is obvious facts and results like 14+1 = 2.
A 0 represents claims obviously incorrect or difficult for anyone to understand, such as “The Earth is the center of the
universe” or “The exact population of a certain ordinary town".

You must return the output as a jsonl, where each line is claim:{[claim],[confidence score]).

The input is: {long-form generation}

Output:

P(True) variant. P(True) estimates the uncertainty of a claim by prompting LLMs to answer whether a claim is true or
false, using the negative probability of the claim being true as the uncertainty score. Since probabilities cannot be obtained
directly in long-form experiments, we improve this method by prompting the model to answer 10 times and estimating
the probability by calculating the frequency of “true" responses. The specific prompt that we adapted from [Kadavath et al.
[2022] is as following:

Is the claim true or false? Answer with only True or False.
Claim: {claim}
Output:

SC variant. This methods utilizes the consistency score of one claim across different samples, and the consistency score is
determined by prompting the same LLM. The prompt used to evaluate consistency is described detailed in Appendix [C]
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